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Bessel Functionals and Siegel Modular Forms par Rainer SCHULZE-PILLOT The existence and uniqueness of Whittaker models plays an essential role in the theory of automorphic forms for the group GL.~. In contrast, it is well known that holomorphic Siegel modular forms of degree n &#x3E; 2 (or the corresponding automorphic representations of the adelic symplectic group Spn of rank n) do not possess Whittaker models. As a replacement in the case n = 2, Novodvorski and Piatetski-Shapiro studied Bessel models (to be defined below) and proved uniqueness [N-PS] . Their existence is trivial in the case of holomorphic modular forms. If an automorphic form for the group PGSp2(A) possesses such a model of a so called special type it was shown in [PS-S] that it can be related to a generic form (i.e., one having a Whittaker model) for the same group by theta lifting it to the metaplectic cover of Sp2 and back again (using different additive, characters). The key ingredient in this is the explicit computation of the Whittaker coefficient of the lifted form in terms of the Bessel functionals of special type of the original automorphic form. The purpose of this note is to show that this procedure can fail in a nontrivial way by exhibiting Siegel modular forms of degree and weight 2 which have no Bessel model of special type (the Bessel functionals of special type vanish trivially for Let G1 = SP2 9 GL4 be the symplectic group of rank 2, G = GSp2 D G1 the group of symplectic similitudes, both groups viewed as algebraic groups over Q. For a Siegel modular form F of degree 2 and weight r with respect to a congruence subgroup Sp2 (Z) for some integer N we denote by Fs the automorphic form on G(A) corresponding in the usual way to F. In particular, Fs is left invariant under G(Q) and right invariant under the groups ,"
. , / (embedded into G(A) by putting all other components equal to 1) for all finite primes p. The function Fs is invariant under the center of G(A) and hence induces an automorphic form on We use the well known identification of G/Z(G) = PGSp2 with the special orthogonal group of a quadratic form in five variables: Following [Si] (where À(g) is the similitude norm of g) by orthogonal transformations of determinant 1, and the map (g H t (g)) : G-H := SO(V, q) gives an isomorphism from G/Z(G) onto H as algebraic groups over Q. We write for the induced automorphic form on (the index o standing for orthogonal).
We need a few more notations (see [PS-S] ). we see that we have to check whether with k f E K f are zero. The invariance property of Fo on the right implies that it is sufficient to consider kf with all components kp in and by strong approximation for Sp2 and the right invariance of Fo under the t(Kp) we can assume k f = (,yi, ... ) for some 1 i n (absorbing an element of into the integration over S). From formula 1-26 of [Su] it follows then as in [Fu] that for h = 7t? ... ) with and a binary symmetric matrix Td = § discriminant A = -4d = 4(t2 -tlt3) ( t2 t3 ) 2 one has 3 / one has Here we write ] and the summation is as in (1). This proves the assertion.
To come to our examples we have to recall some notations and results from 2, 3] . Let N be prime, fl, f2 E s2 (ro (N)) be two cusp forms of weight 2 for the group ro(N) C SL2 (Z), normalized eigenforms of all Hecke operators with the same eigenvalue under the Fricke involution wN, f2. Let D be the definite quaternion algebra over Q unramified at all primes # N, let R be a maximal order in D.
With R£ = (D 0 R) x x fl R~ consider a double coset decomposition with'
To our cusp forms fl, f2 there correspond by the work of Eichler [E] it is easily seen that it is counted 2(S~2(7~) : r~) = 2N (N + 1) times. Since by definition it is counted twice by the coefficient at A of the Koecher-MaaB series of the theta series of degree 2 of I# and since we already know that the Koecher-Maafl series of (which is proportional to is zero, it follows that DKM(FI12, s) is zero as well, which by Proposition 1 implies the assertion.
